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$n$ (infectivity)3 $n\beta_{10}(\tau)$ $\gamma(\tau)$
$\tau$ $A1DS$ (
) $\sigma(\tau)$ $\tau$ $\mu_{m}(\mu_{f})$
( ) $\delta_{m}(\delta_{j})$ ( )
$B^{m}(t)$ ( ) $B^{f}(t)$ ( )
HI $V$ :
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})W_{00}(t, \tau)=-(\sigma(\tau)+\mu_{m}+\mu_{f})W_{00}(t, \tau)$ , (2.1)
$W_{00}(t, 0)=\Psi_{00}(t)$ , (2.2)
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})W_{10}(t, \tau;\zeta)$ (2.3)
$=-(n\beta_{10}(\tau+\zeta)+\sigma(\tau)+\mu_{m}+\mu_{f}+\gamma(\tau+\zeta))W_{10}(t, \tau;()$ ,
$W_{10}(t, 0;\zeta)=(1-\beta_{10}(())\Psi_{10}(t;\zeta)$ , (2.4)
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})W_{01}(t, \tau;\zeta)$ (2.5)
$=-(n\beta_{01}(\tau+\zeta)+\sigma(\tau)+\mu_{m}+\mu_{f}+\gamma(\tau+\zeta))W_{01}(t, \tau;\zeta)$,
$W_{01}(t, 0;\eta)=(1-\beta_{01}(\eta))\Psi_{01}(t;\eta)$ , (2.6)
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})W_{11}(t,$ $\tau;(, 0)$ (2.7)
$=-(\sigma(\tau)+\mu_{m}+\mu_{f}+\gamma(.\tau+\zeta)+\gamma(\tau))W_{11}(t, \tau;\zeta, 0)$,
$W_{11}(t, 0; \zeta, 0)=n\beta_{10}(\zeta)\int_{0}^{(}W_{10}(t, \tau;\zeta-\tau)d\tau+\beta_{10}(\zeta)\Psi_{10}(t;\zeta),$ $(2.8)$
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})W_{11}(t, \tau;0, \eta)$ (2.9)
$=-(\sigma(\tau)+\mu_{m}+\mu_{j}+\gamma(\tau+\eta)+\gamma(\tau))W_{11}(t, \tau;0, \eta)$ ,




$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})W_{11}(t, \tau;\zeta, \eta)$ (2.11)
$=-(\sigma(\tau)+\mu_{m}+\mu_{j}+\gamma(\tau+\zeta)+\gamma(\tau+\eta))W_{11}(t, \tau;\zeta, \eta)$ ,
$W_{11}(t,$ $0$ ; $(, \eta)=\Psi_{11}(t$ ; $(, \eta)$ , (2.12)
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})S_{1}^{m}(t, \tau)=-(\mu_{m}+\delta_{m}+\gamma(\tau))S_{1}^{m}(t, \tau)-\Psi_{10}(t;\tau)(2.13)$
$\int_{0}^{\infty}\Psi_{11}(t;\tau, \eta)d\eta+J_{0}^{\tau}(\sigma(s)+\mu_{f})W_{10}(t, s;\tau-s)ds$
$+ \int_{0}^{\tau}(\sigma(s)+\mu_{f}+\gamma(s))W_{11}(t, s;\tau-s, 0)ds$
$+ \int_{0}^{\infty}(\sigma(\tau)+\mu_{f}+\gamma(\eta+\tau))W_{11}(t, \tau;0, \eta)d\eta$
$+ \int_{0}^{\infty}d\eta\int_{0}^{\tau}(\sigma(s)+\mu_{f}+\gamma(s+\eta))W_{11}(t, s;\tau-s, \eta)ds$ .




$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})S_{1}^{j}(t, \tau)=-(\mu_{f}+.\delta_{f}+\gamma(\tau))S_{1}^{f}(t, \tau)-\Psi_{01}(t;\tau)$ (2.16)
$\int_{0}^{\infty}\Psi_{11}(t;\zeta, \tau)d(+\int_{0}^{\tau}(\sigma(s)+\mu_{m})W_{01}(t, s;\tau-s)ds$
$+ \int_{0}^{\tau}(\sigma(s)+\mu_{m}+\gamma(s))W_{11}(t, s;0, \tau-s)ds$
$+ \int_{0}^{\infty}(\sigma(\tau)+\mu_{m}+\gamma(\zeta+\tau))W_{11}(t, \tau;\zeta, 0)d\eta$
$+ \int_{0}^{\infty}d\zeta\int_{0}^{\tau}(\sigma(s)+\mu_{m}+\gamma(s+\zeta))W_{11}(t,$ $s;(, \tau-s)ds$ .
$S_{1}^{f}(t, 0)=0$ , (2.17)
$\frac{d}{dt}S_{0}^{f}(t)=B^{j}(t)-(\mu_{f}+\delta_{j})S_{0}^{f}(t)-\Psi_{00}(t)$ (2.18)
$- \int_{0}^{\infty}\Psi_{10}(t;\zeta)d\zeta+\int_{0}^{\infty}(\sigma(\tau)+\mu_{m})W_{00}(t, \tau)d\tau$











$\Psi_{11}(t;\zeta, \eta)=0$ , (3.4)
$S_{0}^{m\text{ }}S_{0}^{f}$ $\Psi$ (mating




$p_{1}(t, \tau)(q_{1}(t, \tau))$ $t$ $\tau$ ( )
( ) $p_{2}(t, \tau)(q_{2}(t, \tau))$
$t$ $\tau$ ( ) $p_{3}(t, \tau)$
$(q_{3}(t, \tau))$ $t$ $\tau$ ( )
( )
$p_{1}(t, \tau)=\int_{0}^{\tau}W_{11}(t, s;\tau-s, 0)ds+\int_{0}^{\infty}W_{11}(t, \tau;0, \eta)d\eta$ . (3.5)
$p_{2}(t, \tau)=S_{1}^{m}(t, \tau)$ , (3.6)
$p_{3}(t, \tau)=\int_{0}^{\tau}W_{10}(t, s;\tau-s)ds$ , (3.7)
$q_{1}(t, \tau)=\int_{0}^{\tau}W_{11}(t, s;0, \tau-s)ds+\int_{0}^{\infty}W_{11}(t, \tau;\zeta)O)d\zeta$ . (3.8)
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$q_{2}(t, \tau)=S_{1}^{f}(t, \tau)$ , (3.9)
$q_{3}(t, \tau)=\int_{0}^{\tau}W_{01}(t, s;\tau-s)ds$ , (3.10)
$W_{11}(t, \tau;\zeta, \eta)$
$pj,$ $qj,$ $i=1,2,3$ :
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})p_{1}(t, \tau)=$ (3.11)
$-(2\gamma+\sigma+\mu_{m}+\mu_{f})p_{1}(t, \tau)+\beta_{10}(\tau)\rho_{m}p_{2}(t, \tau)+n\beta_{10}(\tau)p_{3}(t, \tau)$ ,
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})p_{2}(t, \tau)$ (3.12)
$=(\sigma+\mu_{f}+\gamma)p_{1}(t, \tau)-(\mu_{m}+\delta_{m}+\gamma+\rho_{m})p_{2}(t, \tau)+(\sigma+\mu_{f})p_{3}(t, \tau)$ ,
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})p_{3}(t, \tau)$ (3.13)
$=(1-\beta_{10}(\tau))\rho_{m}p_{2}(t, \tau)-(n\beta_{10}(\tau)+\gamma+\sigma+\mu_{m}+\mu_{f})p_{3}(t, \tau)$ ,
$p_{1}(t, 0)= \int_{0}^{\infty}\beta_{01}(\tau)[\rho_{f}q_{2}(t, \tau)+nq_{3}(t, \tau)]d\tau$, (3.14)
$p_{2}(t, 0)=p_{3}(\dot{t}, 0)=0$ . (3.15)
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})q_{1}(t, \tau)=$ (3.16)
$-(2\gamma+\sigma+\mu_{m}+\mu_{f})q_{i}(t, \tau)+\beta_{01}(\tau)\rho_{j}q_{2}(t, \tau)+n\beta_{01}(\tau)q_{3}(t, \tau)$ ,
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})q_{2}(t, \tau)$ (3.17)
$=(\sigma+\mu_{m}+\gamma)q_{1}(t, \tau)-(\mu_{j}+\delta_{f}+\gamma+\rho_{j})q_{2}(t, \tau)+(\sigma+\mu_{m})q_{3}(t, \tau)$,
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})q_{3}(t, \tau)$ (3.18)
$=(1-\beta_{01}(\tau))\rho_{f}q_{2}(t, \tau)-(n\beta_{01}(\tau)+\gamma+\sigma+\mu_{m}+\mu_{f})q_{3}(t, \tau)$ ,
$q_{1}(t, 0)= \int_{0}^{\infty}\beta_{10}(\tau)[\rho_{m}p_{2}(t, \tau)+np_{3}(t, \tau)]d\tau$ , (3.19)
$q_{2}(t, 0)=q_{3}(t, 0)=0$ . (3.20)
$(3.11)-(3.20)$
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$u(t, \tau)=(\begin{array}{l}p_{1}(t,\tau)p_{2}(t,\tau)p_{3}(t,\tau)q_{1}(t,\tau)q_{2}(t,\tau)q_{3}(t,\tau)\end{array})$ , (3.21)
$A$ $B$ $C$ $D$ 3 $\cross 3$ :
$A(\tau)=$ (3.22)
$(\sigma+\gamma_{0}+\mu$ $-\gamma-\rho^{10}-\mu_{m}^{m}(1-\beta_{10}(\tau))\rho_{m}^{-\delta_{m}}\beta_{m}(\tau)\rho$ $-n\beta_{10}(\tau)-n\beta_{10}(\tau_{f})_{-\mu_{m}-\mu_{j_{J}}}\sigma_{\gamma}+_{-}\mu_{\sigma}$
$B(\tau)=(\begin{array}{lll}0 \rho_{j}\beta_{01}(\tau) n\beta_{01}(\tau)0 0 00 0 0\end{array})$ , (3.23)
$C(\tau)=$ (3.24)
$(\begin{array}{lll}-2\gamma-\sigma-\mu_{m}-\mu_{f} \beta_{01}(\tau)\rho_{j} n\beta_{01}(\tau)\sigma+\gamma+\mu_{m} --\gamma-\rho_{f}\mu_{f}-\delta_{f} \sigma+\mu_{m}0 (1-\beta_{01}(\tau))\rho_{f} -n\beta_{01}(\tau)-\gamma-\sigma-\mu_{m}-\mu_{j}\end{array})$
$D(\tau)=(\begin{array}{lll}0 \rho_{m}\beta_{10}(\tau) n\beta_{10}(\tau)0 0 00 0 0\end{array})$ , (3.25)
6 $\cross 6$ $Q(\tau),$ $M(\tau)$
$Q(\tau)=(\begin{array}{ll}A(\tau) 00 C(\tau)\end{array})$ , $M(\tau)=(\begin{array}{ll}0 B(\tau)D(\tau) 0\end{array})$ , (3.26)
$(3.11)-(3.20)$
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})u(t, \tau)=Q(\tau)u(t, \tau)$ , (3.27)
$u(t, 0)= \int_{0}^{\infty}M(\tau)u(t, \tau)d\tau$, (3.28)
$(3.27)-(3.28)$
McKendrick-von Foerster 6 $\cross 6$ $L(\tau)$
$\frac{d}{d\tau}L(\tau)=Q(\tau)L(\tau)$ , $L(0)=I$ , (3.29)
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$L(\tau)$ :
$L(\tau)=(\begin{array}{ll}L_{p}(\tau) 00 L_{q}(\tau)\end{array})$ , (3.30)
$I$ $L_{p}(\tau),$ $L_{q}(\tau)$ $3\cross$
$3$ :
$\frac{d}{d\tau}L_{p}(\tau)=A(\tau)L_{p}(\tau)$ , $L_{p}(0)=I$ , (3.31)
$\frac{d}{d\tau}L_{q}(\tau)=C(\tau)L_{q}(\tau)$ , $L_{q}(0)=I$ , (3.32)
$L_{p}(\tau)(L_{q}(\tau))$ $(i, j)$ $l_{i}^{p_{j}}(\tau)(\ell_{i}^{q_{j}}(\tau))$ $j(j=1,2,3)$
( ) $\tau$ $i$ ( )
$L(\tau)$ $u(t, \tau)$ :
$u(t, \tau)=L(\tau)u(t-\tau, 0)$ . (3.33)
$B(t)$ $:=u(t, 0)$
$B(t)= \int_{0}^{\infty}M(\tau)L(\tau)B(t-\tau)d\tau$ . (3.34)
(3.34) $\circ$ $R_{0}$
$T_{0}$ $;= \int_{0}^{\infty}M(\tau)L(\tau)d\tau$, (3.35)
$r_{\sigma}(T_{0})$ (Inaba 1987, 1988)
$R_{0}$
32 31 HI $V$ $R_{0}$
:
$R_{0}$ $:=\sqrt{R_{m}R_{f}}$ , (3.36)
$R_{m}(R_{f})$ ( ) ( )
$R_{m}$ $;= \int_{0}^{\infty}\beta_{10}(\tau)[\rho_{m}l_{21}^{p}(\tau)+nl_{31}^{p}(\tau)]d\tau-$ (3.37)





$\beta_{01}(\tau)=\beta_{10}(\tau)$ , $\rho_{m}=\rho_{f}$ , $\mu_{m}=\mu_{f}$ , $\delta_{m}=\delta_{f}$ . (3.39)
$i(t, \tau)=p(t, \tau)+q(t, \tau)$
$( \frac{\partial}{\partial t}+\frac{\partial}{\partial\tau})i(t, \tau)=A(\tau)i(t, \tau)$ , (3.40)
$i(t, 0)= \int_{0}^{\infty}B(\tau)i(t, \tau)d\tau$ . (3.41)
$A(\tau)=$ (3.42)
$(\begin{array}{lll}-2\gamma-\sigma-2\mu \beta(\tau)\rho n\beta(\tau)\sigma+\gamma+\mu -\gamma-\rho-\mu-\delta \sigma+\mu 0 (1-\beta(.\tau))\rho -n\beta(\tau)-\gamma-.\sigma-2\mu\end{array})$ .
$B(\tau)=(\begin{array}{lll}0 \rho\beta(\tau) n\beta(\tau)0 0 00 0 0\end{array})$ , (3.43)
(3.41)
$i_{1}(t, 0)= \int_{0}^{\infty}\rho\beta(\tau)i_{2}(t, \tau)d\tau+\int_{0}^{\infty}n\beta(\tau)i_{3}(t, \tau)d\tau$ . (3.44)
:
$i_{1}(t, 0)= \int_{0}^{\infty}[\rho\beta(\tau)\ell_{21}(\tau)+n\beta(\tau)\ell_{31}(\tau)]i_{1}(t-\tau, 0)d\tau$ . (3.45)
$(\tau)$ ( )
3.4 Symmet$r^{r}ic$ case :




























36 35 HIV $R_{0}$
:
$R_{0}=R_{1}+R_{2}$ , (3.56)






















$R_{0}=C \int_{0}^{\infty}\beta(\tau)d\tau=$ [ ] $\cross$ [$total$ infectivity], (3.63)
$A$ I $DS$ to
$\overline{\beta}$
$\overline{\beta}$ $:= \frac{1}{t_{0}}\int_{0}^{t_{0}}\beta(\tau)d\tau$ , (3.64)






Case 1 : $\Psi(f,g)=\theta\frac{fg}{f+,g}$ , Case 2: $\Psi(f,g)=\theta\frac{fg}{N}$ , (3.66)
$f,$ $g$ single populations $N$ $\theta$
(nuptiality) \mbox{\boldmath $\rho$} $\theta$ $\sigma$
$R_{0}$ (3.59)







$\sigmaarrow\infty$ (no persistent union) (3.59) $R_{0}$








$R_{0}$ $\beta$ $\beta$ $\beta(\tau)=\beta,$ $0\leq$
$\tau\leq t_{0},$ $\beta(\tau)=0,$ $\tau>t_{0}$ $\beta$ $0$ 1 $R_{0}$
$R_{1}$ $R_{2}$ $R_{0}$ ( 3: $\rho=$
0.25, $n=50,$ $\sigma=2$ )
HIV/AIDS




$\beta(\tau)=\{\frac{\frac{\frac{k}{4k}}{k16}}{4}$ $(9\leq\grave{\tau}\leq 10)(1<\tau<9)(0\leq\tau\leq 1)$ (3.67)
k total infectivity 10 constant
infectivity $\beta$ $10\beta=k$
(3.59) $R_{0}$ 4












Iwasa 1991) $H1$ $V$ $A$ I $DS$
$H$ I $V$









[1] C. Castillo-Chavez, Review of recent models of HIV/AIDS transmis-
sion. In: Levin, S. A., Hallam, T. G., Gross, L. J. (eds.) Applied Math-
ematical Ecology, pp. 253-262. Berlin: Springer-Verlag 1989
[2] C. Castillo-Chavez and S. Busenberg, On the solution of the two-sex
mixing problem. In: Busenberg, S., Martelli, M. (eds.) Differential
Equations Models in Biology, Epidemiology and Ecology, Lect. Notes
in Biomath. 92, pp. 80-98. Berlin: Springer-Verlag 1991
[3] C. Castillo-Chavez, S. Busenberg and K. Gerow, Pair formation in
structured populations. In: Goldstein, J. A., Kappel, F., Schappacher,
W. (eds.) Differential Equations with Applications in Biology, Physics,
and Engineering, Lecture Notes in Pure and Applied Mathematics 133,
pp. 47-65. New York: Marcel Dekker 1991
[4] O. Diekmann, J. A. P. Heesterbeek and J. A. J. Metz, On the definition
and the computation of the basic reproduction ratio $R_{0}$ in $mo$dels for
infectious diseases in heterogeneous populations. J. Math. Biol. 28(4):
365-382 (1990)
[5] O. Diekmann, K. Dietz and J. A. P. Heesterbeek, The basic reproduc-
tion ratio for sexually transmitted diseases: I. Theoretical considera-
tions. Math. Biosci. 107: 325-339 (1991)




[7] K. Dietz, The dynamics of spread of HIV infection in the heterosexual
population. In: J. C. Jager and E. J. Ruitenberg (eds.) Statistical and
Mathematical Modelling of AIDS, pp. 77-105. Oxford: Oxford Univer-
sity Press 1988
[8] K. Dietz and K. P. Hadeler, Epidemiological models for sexually trans-
mitted diseases. J. Math. Biol. 26: 1-25 (1988)
[9] K. Dietz, J. A. P. Heesterbeek, and D. W. Tudor, The basic reproduc-
tion ratio for sexually transmitted diseases Part II. Effects of variable
HIV infectivity. Math. Biosci. 117: 35-47 (1993)
[10] A. G. Fredrickson, A mathematical theory of age structure in sexual
populations: random mating and monogamous marriage models. Math.
Biosci. 10: 117-143 (1971)
[11] K. P. Hadeler, Structured population models for HIV infection-Pair
formation and non-constant infectivity. In: N. P. Jewell, K. Dietz and
V. T. Farewell (eds.) AIDS Epidemiology: Methodological Issues, pp.
156-173. Boston: Birk\"auser 1992
[12] J. A. P. Heesterbeek, $R_{0}$ . Ph. D. Thesis, University of Leiden 1992
[13] H. Inaba, Mathematical foundations of multidimensional stable popu-
lation theory I: Classical theory. J. Popul. Problems 184: 52-75 (1987)
[in Japanese with English summary]
[14] H. Inaba, A semigroup approach to the strong ergodic theorem of the
multistate stable population process. Math. Popul. Studies 1(1): 49-77
(1988)
[15] H. Inaba, Threshold and stability results for an age-structured epidemic
model. J. Math. Biol. 28(4): 411-434 (1990)
[16] H. Inaba, The invasion problem for the HIV infection in a homosexual
community. In: M. Mimura (ed.) Mathematical Topics in Biology, pp.
32-44. Research Institute for Mathematical Analysis, Kyoto University
1993
[17] H. Inaba, An Age-Structured Two-Sex Model for Human Population
Reproduction by First Marriage. Working Paper Series, No. 15, Tokyo:
Institute of Population Problems 1993
111
[18] H. Knolle, Age preference in sexual choice and the basic reproduction
number of HIV$fAIDS$ . Biomet. J. 32: 243-256 (1990)
[19] A. Sasaki and Y. Iwasa, Optimal growth schedule of pathogens within
a host: switching between lytic and latent cycles, Theor. Popu. Biol.
39: 201-239 (1991)
[20] H. R. Thieme and C. Castillo-Chavez, On the variable infectivity
in the dynamics of the human immunodeficiency virus epidemic. In:
C. Castillo-Chavez (ed.), Mathematical and Statistical Approaches to
AIDS Epidemiology, Lect. Notes in Biomath. 83, pp. 157-176. Berlin:
Springer-Verlag 1989
[21] R. Waldst\"atter, Pair formation in sexually-transmitted diseases. In:
C. Castillo-Chavez (ed.), Mathematical and Statistical Approaches to
AIDS Epidemiology, Lect. Notes in Biomath. 83, pp. 260-274. Berlin:
Springer-Verlag 1989
The Invasion Problem for the HIV Infection: Part II
- Pair Formation and Variable Infectivity-
Hisashi INABA
Institute of Population Problems
2-2, l-Chome, Kasumigaseki, Chiyoda-ku, Tokyo
Abstract
In this paper we first formulate a dynamical model for HIV/AIDS
epidemic spread by pair formation in heterosexual populations. Host
populations are structured by duration since infection and duration
of pair. Next, based on the pair formation model, we investigate the
invasion problem of the HIV epidemic. To this aim, we formulate the
linearized equation around the disease-free steady state and calculate
the basic reproduction ratio $R_{0}$ under some conditions of simplffica-
tion. Finally we discuss effects of persistence of pairs and variable
infectivity on $R_{0}$ .
